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COBORDISM INVARIANTS OF FOLD MAPS
BOLDIZSA´R KALMA´R
Dedicated to Professor Yoshifumi Ando on the occasion of his sixtieth birthday.
Abstract. This is a survey paper of author’s results on cobordism groups
and semigroups of fold maps and simple fold maps. The results include: es-
tablishing a relation between fold maps and immersions through geometrical
invariants of cobordism classes of fold maps and simple fold maps in terms of
immersions with prescribed normal bundles, detecting stable homotopy groups
of spheres as direct summands of the cobordism semigroups of fold maps,
Pontryagin-Thom type construction for −1 codimensional fold maps and esti-
mations about the cobordism classes of manifolds which have fold maps into
stably parallelizable manifolds. In the last section some of these results are ex-
tended and we show that our invariants also detect stable homotopy groups of
the classifying spaces BO(k) as direct summands of the cobordism semigroups
of fold maps.
Introduction
Fold maps of (n + q)-dimensional manifolds into n-dimensional manifolds have
the formula
f(x1, . . . , xn+q) = (x1, . . . , xn−1,±x
2
n ± · · · ± x
2
n+q)
as a local form around each singular point, and the subset of the singular points in
the source manifold is a (q + 1)-codimensional submanifold (for results about fold
maps, see, for example, [1, 2, 3, 5, 8, 9, 18, 26, 35, 36]). If we restrict a fold map
to the set of its singular points, then we obtain a codimension one immersion into
the target manifold of the fold map. This immersion together with more detailed
informations about the neighbourhood of the set of singular points in the source
manifold can be used as a geometrical invariant (see Section 2) of fold cobordism
classes (see Definition 1.1) of fold maps (for results about cobordisms of singular
maps with completely different approach from our present paper, see, for example,
[7, 11, 12, 21, 25, 34, 48] and the works of Ando, Sadykov, Szu˝cs and the author
in References). In this way we obtain a geometrical relation between fold maps
and immersions with prescribed normal bundles via cobordisms. In [18] we showed
that these invariants describe completely the cobordisms of simple fold maps of
(n+ 1)-dimensional manifolds into n-dimensional manifolds and in [17] we showed
that these invariants detect direct summands of the cobordism group of fold maps,
namely stable homotopy groups of spheres. In this paper we extend the results of
[17] and show by constructing fibrations of Morse functions over immersed manifolds
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similarly to [17] that these invariants also detect stable homotopy groups of the
classifying spaces BO(k) as direct summands of the cobordism semigroups of fold
maps.
The paper is organized as follows. In Section 1 we give basic notations and
definitions, in Section 2 we define cobordism invariants of fold maps, summerize
our already existing results concerning these invariants and study the cobordism
classes of manifolds which have fold maps into stably parallelizable manifolds. In
Section 3 we extend the results of [17].
The author would like to thank the referee for his helpful comments, which
improved the paper.
1. Preliminaries
1.1. Notations. In this paper the symbol “∐” denotes the disjoint union, for any
number x the symbol “⌊x⌋” denotes the greatest integer i such that i ≤ x, γ1
denotes the universal line bundle over RP∞, ε1X denotes the trivial line bundle over
the space X , ε1 denotes the trivial line bundle over the point, and the symbols
ξk, ηk, etc. usually denote k-dimensional real vector bundles. The symbols detξk
and Tξk denote the determinant line bundle and the Thom space of the bundle
ξk, respectively. The symbol Immξ
k
N (n − k, k) denotes the cobordism group of k-
codimensional immersions into an n-dimensional manifold N whose normal bundles
are induced from ξk (this group is isomorphic to the group {N˙, T ξk}, where N˙
denotes the one point compactification of the manifold N and the symbol {X,Y }
denotes the group of stable homotopy classes of continuous maps from the space
X to the space Y ). The symbol ImmN (n − k, k) denotes the cobordism group
Immγ
k
N (n − k, k) where γ
k is the universal bundle for k-dimensional real vector
bundles and N is an n-dimensional manifold. The symbol πsn(X) (π
s
n) denotes the
nth stable homotopy group of the space X (resp. spheres). The symbol “idA”
denotes the identity map of the space A. The symbol ε denotes a small positive
number. All manifolds and maps are smooth of class C∞.
1.2. Fold maps. Let n ≥ 1 and q > 0. Let Qn+q and Nn be smooth manifolds of
dimensions n+ q and n respectively. Let p ∈ Qn+q be a singular point of a smooth
map f : Qn+q → Nn. The smooth map f has a fold singularity of index λ at the
singular point p if we can write f in some local coordinates around p and f(p) in
the form
f(x1, . . . , xn+q) = (x1, . . . , xn−1,−x
2
n − · · · − x
2
n+λ−1 + x
2
n+λ + · · ·+ x
2
n+q)
for some λ (0 ≤ λ ≤ q + 1) (the index λ is well-defined if we consider that λ and
q + 1− λ represent the same index).
A smooth map f : Qn+q → Nn is called a fold map if f has only fold singularities.
A smooth map f : Qn+q → Nn has a definite fold singularity at a fold singularity
p ∈ Qn+q if λ = 0 or λ = q + 1, otherwise f has an indefinite fold singularity of
index λ at the fold singularity p ∈ Qn+q.
Let Sλ(f) denote the set of fold singularities of index λ of f in Q
n+q. Note that
Sλ(f) = Sq+1−λ(f). Let Sf denote the set
⋃
λ Sλ(f).
Note that the set Sf is an (n− 1)-dimensional submanifold of the manifold Q
n+q.
Note that each connected component of the manifold Sf has its own index λ if
we consider that λ and q + 1− λ represent the same index.
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Note that for a fold map f : Qn+q → Nn and for an index λ (0 ≤ λ ≤ ⌊q/2⌋)
the codimension one immersion f |Sλ(f) : Sλ(f) → N
n of the singular set of index
λ Sλ(f) has a canonical framing (i.e., trivialization of the normal bundle) by iden-
tifying canonically the set of fold singularities of index λ of the map f with the fold
germ (x1, . . . , xn+q) 7→ (x1, . . . , xn−1,−x
2
n−· · ·−x
2
n+λ−1+x
2
n+λ+ · · ·+x
2
n+q), see,
for example, [30].
If f : Qn+q → Nn is a fold map in general position, then the map f restricted
to the singular set Sf is a general positional codimension one immersion into the
target manifold Nn.
Since every fold map is in general position after a small perturbation, and we
study maps under the equivalence relation cobordism (see Definition 1.1), in this
paper we can restrict ourselves to studying fold maps which are in general position.
Without mentioning we suppose that a fold map f is in general position.
1.3. Equivalence relations of fold maps.
Definition 1.1. (Cobordism) Two fold maps fi : Q
n+q
i → N
n (i = 0, 1) of closed
(oriented) (n+ q)-dimensional manifolds Qn+qi (i = 0, 1) into an n-dimensional
manifold Nn are (oriented) cobordant if
(a) there exists a fold map F : Xn+q+1 → Nn × [0, 1] of a compact (oriented)
(n+ q + 1)-dimensional manifold Xn+q+1,
(b) ∂Xn+q+1 = Qn+q0 ∐ (−)Q
n+q
1 and
(c) F |Qn+q0 ×[0,ε)
= f0 × id[0,ε) and F |Qn+q1 ×(1−ε,1]
= f1 × id(1−ε,1], where Q
n+q
0 ×
[0, ε) and Qn+q1 × (1 − ε, 1] are small collar neighbourhoods of ∂X
n+q+1 with
the identifications Qn+q0 = Q
n+q
0 × {0} and Q
n+q
1 = Q
n+q
1 × {1}.
We call the map F a cobordism between f0 and f1.
This clearly defines an equivalence relation on the set of fold maps of closed
(oriented) (n+ q)-dimensional manifolds into an n-dimensional manifold Nn.
We denote the set of fold (oriented) cobordism classes of fold maps of closed
(oriented) (n+ q)-dimensional manifolds into an n-dimensional manifold Nn (into
the Euclidean space Rn) by Cob
(O)
N,f(n+ q,−q) (by Cob
(O)
f (n+ q,−q)). We note that
we can define a commutative semigroup operation in the usual way on the set of
cobordism classes Cob
(O)
N,f(n + q,−q) by the disjoint union. If the target manifold
Nn is the Euclidean space Rn (or more generally Nn has the form R1 ×Mn−1,
for some (n− 1)-dimensional manifold Mn−1), then the elements in the semigroup
Cob
(O)
N,f(n + q,−q) have an inverse: namely compose them with a reflection in a
hyperplane (in {0}×Mn−1 in general, see [46]). Hence the semigroups Cob
(O)
N,f(n+
q,−q) are in this case actually groups.
We can refine this equivalence relation by considering the singular fibers (see,
for example, [23, 36, 37, 49]) of a fold map.
Definition 1.2. Let τ be a set of singular fibers. Two fold maps fi : Q
n+q
i → N
n
(i = 0, 1) with singular fibers in the set τ of closed (oriented) (n+ q)-dimensional
manifolds Qn+qi (i = 0, 1) into an n-dimensional manifold N
n are (oriented) τ-
cobordant if they are (oriented) cobordant in the sense of Definition 1.1 by a fold
map F : Xn+q+1 → Nn × [0, 1] whose singular fibers are in the set τ .
In this way we can obtain the notion of simple fold cobordism of simple fold maps,
i.e., let τ be the set of all the singular fibers which have at most one singular point
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in each of their connected components. We denote the set of simple fold cobordism
classes of simple fold maps of closed (oriented) (n+ q)-dimensional manifolds Qn+q
into an n-dimensional manifold Nn by Cob
(O)
N,s(n+ q,−q). For results about simple
fold maps, see, for example, [18, 30, 31, 32, 33, 39, 50]. For results about τ -
cobordisms of fold maps with other set τ of singular fibers, see [20, 38].
2. Cobordism invariants of fold maps
2.1. Fold germs and bundles of germs. Let us define the fold germ
gλ,q : (R
q+1, 0)→ (R, 0)
by
gλ,q(x1, . . . , xq+1) = (−x
2
1 − · · · − x
2
λ + x
2
1+λ + · · ·+ x
2
1+q)
for some q ≥ 1 and 0 ≤ λ ≤ ⌊(q + 1)/2⌋.
We say that a pair of diffeomorphism germs
(α : (Rq+1, 0)→ (Rq+1, 0), β : (R, 0)→ (R, 0))
is an automorphism of a fold germ gλ,q : (R
q+1, 0)→ (R, 0) if the equation gλ,q ◦α =
β ◦ gλ,q holds. We will work with bundles whose fibers and structure groups are
germs and groups of automorphisms of germs, respectively, see [13].
If we have a fold map f : Qn+q → Nn, then for each λ (0 ≤ λ ≤ ⌊(q+1)/2⌋) we
have a fold germ bundle ξλ(f) : E(ξλ(f)) → Sλ(f) over the singular set of index
λ Sλ(f), i.e., the fiber of ξλ(f) is the fold germ gλ,q, and over the singular set
Sλ(f) we have an (R
q+1, 0) bundle denoted by ξq+1λ (f) : E(ξ
q+1
λ (f)) → Sλ(f) and
an (R, 0) bundle denoted by η1λ(f) : E(η
1
λ(f)) → Sλ(f) together with a fiberwise
map E(ξλ(f)) : E(ξ
q+1
λ (f)) → E(η
1
λ(f)) which is equivalent on each fiber to the
fold germ gλ,q. The base space of the fold germ bundle ξλ(f) is the singular set
of index λ Sλ(f) and the total space of this bundle ξλ(f) is the fiberwise map
E(ξλ(f)) : E(ξ
q+1
λ (f))→ E(η
1
λ(f)) between the total spaces of the bundles ξ
q+1
λ (f)
and η1λ(f). We call the bundle η
1
λ(f) the target of the fold germ bundle ξλ(f).
By [13, 42, 47] this bundle ξλ(f) is a locally trivial bundle in a sense with a fiber
gλ,q and an appropriate group of automorphisms
(α : (Rq+1, 0)→ (Rq+1, 0), β : (R, 0)→ (R, 0))
as structure group. By [13, 47] this structure group can be reduced to a maximal
compact subgroup, namely to the group O(λ)×O(q+1−λ) in the case of 0 ≤ λ <
(q+1)/2 and the group generated by the group O(λ)×O(λ) and the transformation
T =
(
0 Iλ
Iλ 0
)
in the case of λ = (q + 1)/2, see, for example, [30]. We denote this
latter group by 〈O(λ) ×O(λ), T 〉.
It follows that the targets of the universal fold germ bundles of index λ (0 ≤
λ ≤ ⌊(q+1)/2⌋) are the trivial line bundles η1λ,q : ε
1 → B(O(λ)×O(q+1−λ)) for
λ 6= (q + 1)/2 and the appropriate line bundle η1(q+1)/2,q : l
1 → B〈O(λ) × O(λ), T 〉
for q odd.
For oriented manifolds Qn+q and Nn we have the analogous statements if we
consider the subgroup S(O(λ) × O(q + 1 − λ)) of orientation preserving trans-
formations of the group O(λ) × O(q + 1 − λ) and the trivial line bundle ε1 →
BS(O(λ) × O(q + 1 − λ)) in the case of 0 ≤ λ < (q + 1)/2, and the appropriate
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subgroup R〈O(λ)×O(λ),T 〉 of the group 〈O(λ)×O(λ), T 〉 and the corresponding line
bundle l˜1 → BR〈O(λ)×O(λ),T 〉 in the case of λ = (q + 1)/2.
2.2. Immersions with prescribed normal bundles. As an imitation of the
method of lifting positive codimensional singular maps [46] we can construct ho-
momorphisms
ξNλ,q : Cob
(O)
N,f(n+ q,−q)→ Imm
ε1B(O(λ)×O(q+1−λ))
N (n− 1, 1)
for 0 ≤ λ < (q + 1)/2 and
ξN(q+1)/2,q : Cob
(O)
N,f(n+ q,−q)→ Imm
l1
N (n− 1, 1)
for q odd by mapping a cobordism class of a fold map f into the cobordism class of
the immersion of its fold singular set of index λ Sλ(f) with normal bundle induced
from the target of the universal fold germ bundle of index λ. (In the case of oriented
manifolds Qn+q and Nn, we have the analogous homomorphisms
ξO,Nλ,q : Cob
O
N,f(n+ q,−q)→ Imm
ε1BS(O(λ)×O(q+1−λ))
N (n− 1, 1)
for 0 ≤ λ < (q + 1)/2 and
ξO,N(q+1)/2,q : Cob
O
N,f(n+ q,−q)→ Imm
l˜1
N (n− 1, 1)
for q odd as well.) We used these homomorphisms in [17, 18, 20] in order to describe
cobordisms of fold maps.
Since the cobordism group of k-codimensional immersions into a manifold Nn
with normal bundle induced from a vector bundle ξk is isomorphic to the group of
stable homotopy classes {N˙, T ξk} [48], the homomorphisms ξNλ,q for λ 6= (q + 1)/2
and ξN(q+1)/2,q for q odd can be considered as homomorphisms into the groups
{N˙, T ε1B(O(λ)×O(q+1−λ))} and {N˙, T l
1}, respectively. Without mentioning we iden-
tify the cobordism group of k-codimensional immersions into a manifold Nn with
normal bundle induced from a vector bundle ξk with the group of stable homotopy
classes {N˙, T ξk}.
We remark that the group {N˙, T ε1B(O(λ)×O(q+1−λ))} is equal to the group {N˙ , S
1∨
SB(O(λ)×O(q + 1− λ))} ∼= {N˙ , S1} ⊕ {N˙, SB(O(λ)×O(q +1− λ))}, where “S”
denotes suspension. Therefore the homomorphisms ξNλ,q (λ 6= (q + 1)/2) can be
written in the forms
ξNλ,q,1 ⊕ ξ
N
λ,q,2 : Cob
(O)
N,f(n+ q,−q)→ {N˙, S
1} ⊕ {N˙, SB(O(λ) ×O(q + 1− λ))}
obviously. Note that the homomorphism ξNλ,q,1 maps the fold cobordism class of a
fold map f into the cobordism class of the framed immersion of the singular set of
index λ of the fold map f (0 ≤ λ < (q + 1)/2).
Note that B(O(λ)×O(q + 1− λ)) = BO(λ)×BO(q + 1− λ) and there exists a
composition of bundle maps ε1BO(q+1−λ) → ε
1
B(O(λ)×O(q+1−λ)) → ε
1
BO(q+1−λ) which
is the identity map. Therefore the group {N˙, SBO(q+1−λ)} is a direct summand
of the group {N˙, SB(O(λ) ×O(q + 1− λ))}.
Let ̺Nλ,q : Imm
ε1B(O(λ)×O(q+1−λ))
N (n − 1, 1) → Imm
ε1BO(q+1−λ)
N (n − 1, 1) denote the
natural forgetting homomorphism. Then we have weaker cobordism invariants
̺Nλ,q ◦ ξ
N
λ,q : Cob
(O)
N,f(n+ q,−q)→ {N˙, S
1} ⊕ {N˙, SBO(q + 1− λ)}
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(0 ≤ λ < (q + 1)/2).
Let θ˜Nq : Imm
l1
N (n− 1, 1)→ ImmN (n− 1, 1) be the natural forgetting homomor-
phism, where η1(q+1)/2,q : l
1 → B〈O(λ)×O(λ), T 〉 is the target of the universal fold
germ bundle of index (q + 1)/2 for q odd.
A result about these invariants, which we obtain similarly to [17], is the following.
Theorem 2.1. For n ≥ 1, an n-dimensional manifold Nn and q > 0 the cobordism
semigroup Cob
(O)
N,f(n+ q,−q) of fold maps of (oriented) (n+ q)-dimensional man-
ifolds into Nn contains the direct sum of ⌊(q + 1)/2⌋ copies of the group {N˙, S1}.
The restriction of the homomorphism ξNλ,q to the (λ + 1)-th copy of {N˙ , S
1} is an
isomorphism (λ = 0, . . . , ⌊(q − 1)/2⌋).
Theorem 2.2. For n ≥ 1, an n-dimensional manifold Nn, q > 0, k ≥ 1 and
q = 2k − 1 the cobordism semigroup CobN,f(n + q,−q) of fold maps of unoriented
(n+ q)-dimensional manifolds into Nn contains the direct sum ImmN (n − 1, 1)⊕⊕⌊(q−1)/2⌋
λ=0 {N˙ , S
1} as a direct summand. The direct summand ImmN (n − 1, 1) is
detected by the homomorphism θ˜Nq ◦ξ
N
(q+1)/2,q : CobN,f(n+q,−q)→ ImmN (n−1, 1),
where θ˜Nq ◦ ξ
N
(q+1)/2,q maps a fold cobordism class [f ] to the cobordism class of the
immersion of the singular set of index k of the fold map f .
Remark 2.3. For q even, in Theorems 2.1 and 2.2 we could also chose the indeces
λ = 1, . . . , ⌊(q + 1)/2⌋ for the homomorphisms ξNλ,q,1 instead of the indeces λ =
0, . . . , ⌊(q− 1)/2⌋. The proof is similar to that of [17], details are left to the reader.
Another application of our invariants is the following result about simple fold
maps, which we obtained in [18].
Let
γNn : Imm
ε1
N (n− 1, 1)⊕ Imm
ε1×γ1
N (n− 2, 2)→ ImmN (n− 1, 1)⊕ Imm
γ1×γ1
N (n− 2, 2)
denote the natural forgetting homomorphism and
φNn : Cob
O
N,s(n+ 1,−1)→ Cob
O
N,f(n+ 1,−1)
denote the natural homomorphism which maps a simple fold cobordism class into
its fold cobordism class.
When the codimension is equal to −1 and the target manifold Nn is oriented,
in [18] we defined a semigroup homomorphism
IN : Cob
O
N,s(n+ 1,−1)→ Imm
ε1
N (n− 1, 1)⊕ Imm
ε1×γ1
N (n− 2, 2),
which is just an adaptation of our invariant ξN1,1 to the case of simple fold maps
of oriented manifolds into oriented manifolds and their oriented simple fold cobor-
disms.
In [18] we showed that there exists a homomorphism
θNn : Imm
det(γ1×γ1)
N (n− 1, 1)→ ImmN (n− 1, 1)⊕ Imm
γ1×γ1
N (n− 2, 2)
such that the diagram
(2.1)
CobON,s(n+ 1,−1)
IN−−−−→ Immε
1
N (n− 1, 1)⊕ Imm
ε1×γ1
N (n− 2, 2)yφNn γNn
y
CobON,f(n+ 1,−1)
θNn ◦ξ
N
1,1
−−−−−→ ImmN (n− 1, 1)⊕ Imm
γ1×γ1
N (n− 2, 2).
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commutes and we obtained the following.
Theorem 2.4. Let Nn be an oriented manifold. Then, the semigroup homomor-
phism IN is a semigroup isomorphism between the cobordism semigroup Cob
O
N,s(n+
1,−1) of simple fold maps and the group Immε
1
N (n− 1, 1)⊕ Imm
ε1×γ1
N (n− 2, 2).
Let
γNn,1 : Imm
ε1
N (n− 1, 1)→ ImmN (n− 1, 1)
and
γNn,2 : Imm
ε1×γ1
N (n− 2, 2)→ Imm
γ1×γ1
N (n− 2, 2).
denote the natural forgetting homomorphisms.
Let πNn,2 : Cob
O
N,s(n+1,−1)→ Imm
ε1×γ1
N (n− 2, 2) denote the composition of IN
with the projection to the second factor.
Theorem 2.5. If two simple fold cobordism classes [f ] and [g] in CobON,s(n+1,−1)
are mapped into distinct elements by the natural homomorphism γNn,2 ◦ π
N
n,2, then
[f ] and [g] are not fold cobordant. If γNn,2 is injective, then so is φ
N
n .
If there exists a fold map from a not null-cobordant (n+1)-dimensional manifold
into Nn, then φNn is not surjective.
2.3. Pontryagin-Thom type construction. In [19] among others we show the
following, which is a negative codimensional analogue of the Pontryagin-Thom type
construction for singular maps in positive codimension [25, 40, 41, 43, 44, 45].
Theorem 2.6. There is a Pontryagin-Thom type construction for −1 codimen-
sional fold maps, i.e.,
(1) there exists a universal fold map ξ−1 : U−1 → Γ−1 such that
1 for every −1
codimensional fold map g : Qn+1 → Nn there exists a commutative diagram
Qn+1 −−−−→ U−1
g
y ξ−1
y
Nn −−−−→ Γ−1
moreover the arising map Nn → Γ−1 is unique up to homotopy. It will be
denoted by χg. The space Γ−1 is constructed by gluing together total spaces
of vector bundles corresponding to the possible fold singular fibers and their
automorphisms.
(2) For every positive integer n and n-dimensional manifold Nn there is a natural
bijection
χN∗ : CobNn,f(n+ 1,−1)→ [N˙
n,Γ−1]
between the set of fold cobordism classes CobNn,f (n + 1,−1) and the set of
homotopy classes [N˙n,Γ−1]. The map χ
N
∗ maps a fold cobordism class [g] into
the homotopy class of the inducing map χg : N˙
n → Γ−1.
By Theorem 2.6 we have a bijective cobordism invariant χN∗ : CobNn,f (n +
1,−1)→ [N˙n,Γ−1] which is a group isomorphism χ
R
n
∗ : Cobf(n+1,−1)→ πn(Γ−1)
in the case of Nn = Rn.
1The spaces U−1 and Γ−1 are not (finite dimensional) manifolds and so ξ−1 is not a fold map.
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By defining the singular sets of index 0 and 1 of the universal fold map
ξ−1 : U−1 → Γ−1
in the obvious way and by inducing the immersions of these singular sets into
the space Γ−1 we get two representatives of two stable homotopy classes ̺0 ∈
{Γ−1, T ε
1
BO(2)} and ̺1 ∈ {Γ−1, T l
1}.
If we have a fold map g : Qn+1 → Nn, then we have the stable homotopy class
χsg of the inducing map χg : N˙
n → Γ−1 in the group {N˙
n,Γ−1}. Hence we have the
elements ̺0◦χ
s
g and ̺1◦χ
s
g in the groups {N˙
n, T ε1BO(2)} and {N˙
n, T l1}, respectively,
which correspond to the elements ξN0,1([g]) and ξ
N
1,1([g]), respectively.
Therefore we have the following.
Proposition 2.7. ξNi,1([g]) = ̺i ◦ χ
s
g for i = 0, 1.
2.4. Cobordism class of the source manifold of a fold map. We have a
natural homomorphism σON,q : Cob
O
N,f(n + q,−q) → Ωn+q which assigns to a class
of a fold map f : Qn+q → Nn the cobordism class [Qn+q] of the source manifold
Qn+q.
It is an easy fact that σO
R,q is surjective and the image of σ
O
R2,q consists of the
cobordism classes of (2 + q)-dimensional manifolds with even Euler characteristic
[22].
Proposition 2.8. Let Nn be a stably parallelizable n-dimensional manifold, where
n is even. Let f : Qn+1 → Nn be a fold map of an orientable manifold Qn+1 such
that its singular set Sf is orientable. Then, the oriented cobordism class of the
source manifold Qn+1 is zero.
Proof. By [30, Lemma 3.1.] the bundle TQn+1 ⊕ ε1 is isomorphic to the bundle
f∗TNn ⊕ η2 for some 2-dimensional bundle η2. Hence the Stiefel-Whitney classes
wj(Q
n+1) are zero for j ≥ 3 and the Pontryagin classes pj(Q
n+1) are zero for j ≥ 2.
Since the Stiefel-Whitney class w1(Q
n+1) is zero and n + 1 is odd, every Stiefel-
Whitney and Pontryagin numbers of the manifold Qn+1 are zero. This completes
the proof. 
Remark 2.9. Proposition 2.8 generalizes the analogous result about simple fold
maps [18, 30].
Proposition 2.10. Let q be even and let Nn be a stably parallelizable manifold.
Then, the rank of the image of σON,q is less than or equal to the number of partitions
of (n+ q)/4 where each number in a partition is less than or equal to (q+1)/2. In
particular, if n > q + 2, then the homomorphism
σON,q ⊗Q : Cob
O
N,f(n+ q,−q)⊗Q → Ωn+q ⊗Q
is not surjective.
Proof. The statement follows from the fact that the possible non-zero Pontryagin
numbers of the source manifold of a representative f : Qn+q → Nn of an element
in CobON,f(n + q,−q) are in bijection with the partitions of (n + q)/4 where each
number in a partition is less than or equal to (q+1)/2. This holds because by [30,
Lemma 3.1.] the bundle TQn+q⊕ ε1 is isomorphic to the bundle f∗TNn⊕ ηq+1 for
some (q + 1)-dimensional bundle ηq+1. Hence the Pontryagin classes pi(Q
n+q) are
zero for i > (q + 1)/2. 
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Corollary 2.11. Let Nn be a stably parallelizable manifold.
(1) The orientable (n+2)-dimensional manifolds which have fold map into Nn gen-
erate a subgroup of rank at most 1 in the cobordism group of (n+2)-dimensional
manifolds.
(2) Let n = 4k − 2. Let Q4k be a (4k)-dimensional oriented manifold which has
a fold map into the stably parallelizable manifold N4k−2. Then, the signature
σ(Q4k) of Q4k is equal to 2
2kBk
(2k)! (−1)
k+1〈pk1(Q
4k), [Q4k]〉, where Bk denotes the
kth Bernoulli number.
(3) Let n = 4k − 1. If Q4k has a fold map into N4k−1 such that the singular set
Sf is orientable, then the same holds for the signature of Q
4k as above.
Proof. (1) follows from Proposition 2.10. (2) and (3) follow from the Hirzebruch
signature theorem (see, for example, [24, Lemma 19.1. and Theorem 19.4.]) and
the fact that the Pontryagin classes pi(Q
4k) are zero for i > 1. 
For other results about the signatures of source manifolds of fold maps, see, for
example, [35, 37].
3. Subgroups of the cobordism (semi)group of fold maps
In this section we extend the results of Theorems 2.1 and 2.2.
Let O(1, k) denote the subgroup of the orthogonal group O(k+1) whose elements
are of the form
(
1 0
0 M
)
where M is an element of the group O(k).
Theorem 3.1. For q > 1, the cobordism semigroup CobN,f(n+ q,−q) contains the
direct sum
{N˙, S1} ⊕ {N˙ , SB(O(1)×O(q))} ⊕
⊕
2≤λ<(q+1)/2
{N˙, S1} ⊕ {N˙, SBO(q + 1− λ)}
as a direct summand.
Proof. Similarly to [17] we construct fibrations of Morse functions of (q+1)-spheres
over the framed immersions in Imm
ε1BO(q+1−λ)
N (n− 1, 1)
∼= {N˙ , S1} ⊕ {N˙ , SBO(q +
1− λ)} with the appropriate orthogonal group as symmetry group.
For 1 ≤ j < (q+1)/2, let hj : S
q+1 → (−ε, ε) be a Morse function of the (q+1)-
dimensional sphere into the open interval (−ε, ε) with four critical points of index
0, j − 1, j, q + 1, respectively, such that the critical value of index j is zero in the
interval (−ε, ε).
In the following lemma we are looking for automorphisms of the Morse function
hj, i.e., auto-diffeomorphisms of the (q+1)-sphere which commute with the function
hj (1 ≤ j < (q + 1)/2).
Lemma 3.2. Let 1 ≤ j < (q + 1)/2. There exists an identification of the Morse
function hj around its critical point of index j with the fold germ
gj,q(x1, . . . , xq+1) = (−x
2
1 − · · · − x
2
j + x
2
1+j + · · ·+ x
2
1+q),
such that under this identification
(1) any automorphism in the automorphism group O(1)×O(q) (in the case of j = 1)
(2) any automorphism in the automorphism group O(1, j − 1) × O(q + 1 − j) (in
the case of j > 1)
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of the fold germ gj,q can be extended to an automorphism of the Morse function hj.
Proof. Let 1 ≤ j < (q + 1)/2. Recall that the Morse function hj determines a
handlebody decomposition of the (q + 1)-sphere in the well-known way. We give a
model of the (q+1)-sphere, its Morse function hj and its handlebody decomposition
which shows the statement of the lemma.
First let us suppose that j > 1. Let us identify the neighbourhood of the critical
point of index 0 of hj with the hemisphere D
q+1 ⊂ Sq+1 whose center is the critical
point of index 0. Let us identify the interior of the other hemisphere with the
Euclidean space Rq+1. We can choose this identification so that for the critical
points of hj and the corresponding handles of the handlebody decomposition of the
(q + 1)-sphere we have the following.
(1) The critical point of index j−1 of hj corresponds to the point (−1, 0, . . . , 0)
in Rq+1,
(2) the (j − 1)-handle corresponds to a (j − 1)-dimensional affine subspace
Lj−1 in Rq+1 which is orthogonal to the line 〈x1〉 and contains the point
(−1, 0, . . . , 0),
(3) the critical point of index j of hj corresponds to the origin in R
q+1,
(4) the j-handle corresponds to the half space H+ = {(x1, . . . , xq+1) : x1 ≥
−1},
(5) the critical point of index q+1 of hj corresponds to the point (−2, 0, . . . , 0)
in Rq+1 and
(6) the (q + 1)-handle corresponds to the half space H− = {(x1, . . . , xq+1) :
x1 ≤ −1}.
Now we can see that the negative definite part of the fold germ gj corresponds to
J = (Lj−1⊕〈x1〉)∩H+ and the positive definite part corresponds to the orthogonal
complement of J , which lies in the hyperplane H = {x1 = 0}. It is easy to check
that an orthogonal transformation O of Rq+1 can be extended to an automorphism
of the Morse function hj in this model if and only if the hyperplane H and the
affine subspace Lj−1 are invariant subspaces of the transformation O and the line
〈x1〉 is fixed pointwise. The statement of the lemma follows.
In the case of j = 1 using the handle decomposition of the (q + 1)-sphere de-
termined by the Morse function h1 it is easy to check that the claimed symmetries
exist. 
Let us define homomorphisms αN1,q : Imm
ε1B(O(1)×O(q))
N (n − 1, 1) → CobN,f(n +
q,−q) and αNj,q : Imm
ε1B(O(1,j−1)×O(q+1−j))
N (n − 1, 1) → CobN,f(n + q,−q) (2 ≤ j <
(q + 1)/2) similarly to [17] as follows. Let [g : Mn−1 → Nn] be an element of
Imm
ε1B(O(1)×O(q))
N (n − 1, 1). Then the normal bundle of the immersion g : M
n−1 →
Nn is induced from the trivial line bundle ε1B(O(1)×O(q)). Let α
N
1,q([g]) be the cobor-
dism class of the fold map which we obtain by constructing the fibration of the Morse
function h1 over the manifold M
n−1 with the same symmetry group as that of the
normal bundle of g : Mn−1 → Nn induced from the bundle ε1B(O(1)×O(q)), in a way
analogous to the method described in [17]. By Lemma 3.2 the homomorphism αN1,q
is well-defined. The definition of the homomorphisms αNj,q for j > 1 is analogous.
Now we can see that the composition
ξN1,q ◦ α
N
1,q : Imm
ε1B(O(1)×O(q))
N (n− 1, 1)→ Imm
ε1B(O(1)×O(q))
N (n− 1, 1)
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is the identity map and the composition
̺Nj,q ◦ ξ
N
j,q ◦ α
N
j,q : Imm
ε1B(O(1,j−1)×O(q+1−j))
N (n− 1, 1)→ Imm
ε1BO(q+1−j)
N (n− 1, 1)
restricted to the direct summand Imm
ε1BO(q+1−j)
N (n− 1, 1) of
Imm
ε1B(O(1,j−1)×O(q+1−j))
N (n− 1, 1)
is the identity map as well (j < (q + 1)/2).
The remaining steps of the proof are obvious analogues of [17]. 
Remark 3.3. It follows that the composition
ξNj,q ◦ α
N
j,q : Imm
ε1B(O(1,j−1)×O(q+1−j))
N (n− 1, 1)→ Imm
ε1B(O(j)×O(q+1−j))
N (n− 1, 1)
is equal to the natural homomorphism
βj,∗ : {N˙, S
1} ⊕ {N˙, SB(O(1, j − 1)×O(q + 1− j))} −→
{N˙, S1} ⊕ {N˙, SB(O(j) ×O(q + 1− j))}
induced by the map βj : BO(1, j−1)→ BO(j) (2 ≤ j < (q+1)/2). Therefore if the
map βj,∗ is injective or an isomorphism, then the cobordism semigroup CobN,f(n+
q,−q) contains the group {N˙, SB(O(1, j − 1)×O(q + 1− j))} as a subgroup or as
a direct summand, respectively.
For example, in the case of n = 2 and N2 = R2, we have that the cobordism
group Cobf (2 + q,−q) contains the direct sum⊕
1≤j<(q+1)/2
πs1 ⊕ π
s
1(B(O(1, j − 1)×O(q + 1− j))) = Z
3⌊q/2⌋
2
as a direct summand, where O(1, 0) denotes the orthogonal group O(1). Simi-
larly, the cobordism group CobOf (2 + q,−q) contains the group Z
2⌊q/2⌋
2 as a direct
summand.
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